Abstract. Let C be the space of smooth metrics g on a given compact manifold M n (n ≥ 3) with constant scalar curvature and unitary volume. The goal of this paper is to study the critical point of the total scalar curvature functional restricted to the space C (we shall refer to this critical point as CPE metrics) under assumption that (M, g) has zero radial Weyl curvature.
Introduction
Throughout this paper, we always assume that M is an n-dimensional compact (without boundary) oriented Riemannian manifold with dimension at least three. With this consideration, let M the set of Riemannian metrics on M n of volume 1, and C ⊂ M the subset of Riemannian metrics with constant scalar curvature. We define the total scalar curvature functional R : M → R, as follows
It is well-known that critical point of this functional are precisely Einstein metrics, see for instance [8, Chapter 4] . Now, if we consider the functional in (1.1) restricted to C, it is not difficult to see that, the Euler-Lagrangian equation is given by (1.2) Ric − R n g = Hessf − Ric − R n − 1 g f, for some smooth function f defined on M n . Here, Ric, R and Hess stand for the Ricci tensor, the scalar curvature and the Hessian form on M n , respectively.
Moreover, taking the trace in (1.2) we obtain ∆f + R n − 1 f = 0.
In particular, f is an eigenfunction of the Laplacian and, since the Laplacian has non-positive spectrum, we may conclude that the scalar curvature R must be positive.
We also notice that, if f is constant, then f = 0 and the metric must be Einstein. Hence, from now on, we consider only the case when (M n , g, f ) is a non-trivial solution of the Equation (1.2).
Following the terminology used in [4, 5, 14, 16, 26] we recall the definition of CPE metrics.
Definition 1.
A CPE metric is a 3-tuple (M n , g, f ), where (M n , g), is a compact oriented Riemannian manifold of dimension at least three with constant scalar curvature and f : M n → R is a non-constant smooth function satisfying equation (1.2) . Such a function f is called a potential function.
It was conjectured in 1980's that a critical metric of the total scalar curvature functional, restricted to the space C must be Einstein. Moreover, if a non-trivial solution (M n , g, f ) of (1.2) is Einstein then, after to apply the Obata's theorem (cf.
[32]), we can deduce that (M n , g) is isometric to a standard sphere. The conjecture was proposed in [8] and here we will present this problem in the following way.
Conjecture 1. A CPE metric is always Einstein.
The proof of the Conjecture 1 has been a subject of interest for many authors. In [29] , Lafontaine showed that the Conjecture 1 is true for a locally conformally flat manifold. Later on, this result was improved by Chang, Hwang and Yun under harmonic curvature assumption which is clearly weaker than locally conformally flat condition considered in Lafontaine's result (see [16, 17] for a complete solution). This same authors in [15] , were able to solve the conjecture for a manifold satisfying the parallel Ricci tensor condition. In [26] , Hwang proved the CPE conjecture provided f ≥ −1. At the same time, with a suitable constrain, Hwang was able to conclude that, if the second homology group of a 3-manifold vanishes, then it is diffeomorphic to S 3 (see [27] ). Meanwhile, Ribeiro Jr. and Barros in [4] showed that the conjecture is also true for 4-dimensional half conformally flat manifolds. It is important to say that this result was improved by the same authors and Leandro in [5] under harmonicity of the self-dual part of Weyl tensor. In despite some important progresses, it remains a big challenge to prove the Besse's conjecture. For more references on CPE metrics, see [7, 14, 28, 30, 35, 36] and references therein. Before presenting our first result, it is fundamental to remember that a Riemannian manifold (M n , g) has zero radial Weyl curvature when, for a suitable potential function f on M n , W ( · , · , · , ∇f ) = 0. This class of manifolds clearly includes the case of locally conformally flat manifolds. We would like to say that, this condition have been used to classify generalized quasi-Einstein manifolds (cf., for instance, [10, 23, 31] and [34] ). Here, we shall use this condition to obtain the following result.
Theorem 1. The CPE conjecture is true for n-dimensional (n ≥ 3) manifolds with nonnegative sectional curvature satisfying the zero radial Weyl curvature condition.
It is well known that, for n = 3, the Weyl tensor vanishes identically. Then, when we restrict to 3-dimensional case, it is easy to verify that a CPE metric with nonnegative sectional curvature must be isometric to a standard 3-sphere. In fact, we establish the following. Corollary 1. The CPE conjecture is true for 3-dimensional manifolds with nonnegative sectional curvature. Now, motivated by the recent work on critical metrics of the volume functional and positive static triples due to first author and Ribeiro Jr. (see [3] , Corollaries 1 and 2), see also the works [1, 6] for the three-dimensional case, we shall obtain similar result for CPE metrics satisfying the zero radial Weyl curvature assumption. More precisely, we have:
, n ≥ 3, be a CPE metric with zero radial Weyl curvature satisfying
) is isometric to a standard sphere.
As an immediate consequence of Theorem 2 we get the following result in the three-dimensional case.
In order to proceed, let us introduce the definition of Yamabe constant associated to a Riemannian manifold (M n , g). It is defined by
where [g] is the conformal class of the metric g.
The next result was inspired by the recent work of Catino [11] , where the author showed that an n-dimensional, 4 ≤ n ≤ 6, compact gradient shrinking Ricci soliton satisfying a L n/2 -pinching condition must be isometric to a quotient of the round sphere. More recently, Huang in [25] generalized the result proved by Catino for a class of manifolds well known as ρ-Einstein solitons (see [25, Theorem 1.1] for more details). We refer the readers to [12, 19, 20, 21, 22, 24] for more results on this subject. Here, we shall obtain a similar pinching assumption in order to conclude that the Besse's conjecture must be true. More precisely, we have the following result.
Theorem 3. Let (M n , g, f ), 4 ≤ n ≤ 10, be a CPE metric with zero radial Weyl curvature satisfying
Then (M n , g) is isometric to a standard sphere.
In this last part of the paper we shall focus attention on CPE metrics with vanish condition on Weyl tensor. So, in the same spirit of the recent work due by Catino, Mastrolia and Monticelli [13] , let us introduce the following definitions
where W and C are the Weyl and the Cotton tensors, respectively (for more details about this tensor, see Section 2). In [35] , Qing and Yuan studied the 3-dimensional CPE metric satisfying div 3 C = 0. More precisely, the authors showed that a three dimensional CPE metric with third order divergence-free Cotton tensor (i.e., div 3 C = 0) must be isometric to the standard 3-sphere. Recently, based in the ideas developed in [13] , Santos obtained a positive answer for Conjecture 1 under the second order divergence-free Weyl tensor condition (cf. [36, Theorem 1] for more details). Thus, inspired in the previous results, it is natural to ask what happens in higher dimension for a CPE metric satisfying the fourth order divergence-free Weyl tensor condition. In order to do so, we shall provide an integral formula (see Section 5, Proposition 2) which will allow us to prove the following result.
, n ≥ 4, be a CPE metric with zero radial Weyl curva-
Preliminaries
Throughout this section we recall some informations and basic results that will be useful in the proof of our main results. Firstly, we note that the fundamental equation of a CPE metric (1.2) can be rewrite as (2.1)
As we saw in the introduction, tracing (2.1) we have
Furthermore, by using (2.2) it is not difficult to check that
whereT stands for the traceless of T.
For sake of simplicity, we now rewrite Equation (1.2) in the tensorial language as follows
Let us recall three special tensors in the study of curvature for a Riemannian manifold (M n , g), n ≥ 3. The first one is the Weyl tensor W which is defined by the following decomposition formula
where R ijkl stands for the Riemann curvature operator Rm and A ij is the Schouten tensor, defined by (2.6)
Moreover, the symbol denotes the Kulkarni-Nomizu product which is defined for any two symmetric (0, 2)-tensors S and T as follows
The second tensor is the Cotton tensor C given by
which clearly becomes
Note that C ijk is skew-symmetric in the first two indices and trace-free in any two indices. These two above tensors are related as follows (2.8)
provided n ≥ 4. As a consequence, we have the following identity:
Finally, the third tensor is the Bach tensor which was introduced by Bach [2] in the study of conformal relativity. It is defined in terms of the components of the Weyl tensor W ikjl as follows (2.10)
for n ≥ 4. Using (2.8) it is immediate to observe that the following identity is true
We say that a Riemannian manifold (M n , g) is Bach-flat when B ij = 0.
For our purpose, we remember that as consequence of Bianchi identity, we have
In addition, we also recall that, from commutation formulas (Ricci identities), for any Riemannian manifold M n we have (2.13)
for more details see [18, 37] . Under these notations we have the following lemma. We refer the reader to [4, Lemma 2.1] for its proof.
be a CPE metric. Then we have:
Now, for a CPE metric, we recall the following 3-tensor defined, for instance, in [4, 5, 36] ,
Note that, T ijk has the same symmetry properties as the Cotton tensor:
Furthermore, we remember that the tensor T ijk is related to the Cotton tensor C ijk and the Weyl tensor W ijkl by (2.15)
To close this section, let us recall a result of Hwang (see, for instance, [26, 27 ] for more details), which plays an important role in our theorems.
be a CPE metric with f non-constant. Then the set {x ∈ M ; f (x) = −1} has measure zero.
Bochner type formulas and applications
In this section we will prove the Theorems 1 and 2 announced in the introduction. To begin with, we shall present a couple of divergence formulas which will be crucial for the proof of main results of this section.
Lemma 2. Let (M n , g, f ) be a CPE metric. Then we have:
Proof. Firstly, we shall obtain an expression for the laplacian of the squared norm of the Ricci tensor. Indeed, since the scalar curvature is constant, by direct computation we get
Hence, from (2.13) and the skew-symmetric property of Cotton tensor, we may rewrite this last expression as follows
where we change some indices for simplicity.
Next, after a straightforward computation using (2.5) and the fact thatR ij = R ij − R n g ij , we arrived at
(such identity can be found in [3, Lemma 4]), which replacing in (3.1) gives
To finish, it is suffices to observe that
So, the proof is completed.
Remark 1. Notice that the above lemma must be true for an arbitrary n-dimensional Riemannian manifold with constant scalar curvature and a smooth function f.
The next lemma provide another expression for div(
Lemma 3. Let (M n , g, f ) be a CPE metric. Then we have:
Proof. In what follows, we denote by ψ the function
Now, by Lemma 1 and since we already know that M has constant scalar curvature, we have
In the sequel, by using the twice contracted second Bianchi identity the Eq. (3.3) becomes
Substituting (2.2) and (2.4) in the above expression we get
On the other hand,
which from (2.7), (2.12) and jointly with symmetries properties of the Riemann tensor we may deduce
Using Lemma 1 again and Eq. (2.4) we arrived at
To proceed, note that from (2.7) we can infer
Thus, inserting (2.7) and (2.13) into (3.7) yields
So, combining this expression with (3.6), it is immediate to check that
Therefore, the desired divergent formula follows from (3.5) and (3.8). Before we present our next lemma let us highlight that, integrating (3.4) over M and applying the divergence formula, we may obtain a important integral identity which will be essential in order to get the next results, more precisely we have that (3.9)
Now, as a consequence of this Bochner type formulas we can deduce the following integral formulas for CPE metrics.
Lemma 4. Let (M n , g, f ) be a CPE metric. Then we have:
Proof. First of all, we multiply the equation obtained in Lemma 2 by (1 + f ). Then, integrating by parts over M we get
Next, since the Cotton tensor satisfies
and taking into account Eq. (2.15) together with fact that M has constant scalar curvature, it is not difficult to verify that (3.10) becomes
Now, notice that
This data substituted in (3.12) jointly with (3.9) gives the requested result.
In the following, we will proceed in a similar way to the previous lemma, now using Lemma 3, to deduce another formula for M |Ric| 2 |∇f | 2 dM g .
Lemma 5. Let (M n , g, f ) be a CPE metric. Then we have:
Proof.
To begin with, we use the Lemma 3 and Eq. (3.9) to infer
Thus, with a straightforward computation using (3.11) and (2.15), we may apply integration by parts to deduce
To conclude the proof, it is sufficient to substitute (3.13) in the above expression and then to use (3.9).
With these considerations in mind, we are in position to prove our Theorems 1 and 2.
Proof of Theorem 1.
Proof. We compare the expressions obtained in Lemma 4 and Lemma 5 to deduce
Hence, taking into account our assumption that M n has zero radial Weyl curvature, it is easy to verify that (3.14) becomes
In order to proceed, we need the following pointwise estimate which is satisfied in general for every metric with nonnegative sectional curvature, namely,
be the eigenvectors of Ric and let λ i be the corresponding eigenvalues. Then, by direct computation, we have that
i.e.,
where K ij is the sectional curvature defined by the two-plane spanned by e i and e j . Therefore, as we are supposing the metric with nonnegative sectional curvature, clearly we get the desired inequality. So, from (3.2) and (3.16), we may deduce that each term in (3.15) must be nonnegative. In particular, we conclude, jointly with Proposition 1, that M n has parallel Ricci curvature. Now the result follows from Remark 2 (see also [15, Theorem 1.1]).
Proof of Theorem 2.
Proof. Firstly, we recall the classical Okumura's inequality which, in few words, it says that the following inequality is true
for more details see [33, Lemma 2.1] . Consequently, we get
Otherwise, considering the n-dimensional case with n ≥ 4, we first deduce a key integral identity to achieve our goals. More precisely, using (2.1) and after a simple integration by parts, we may deduce
Consequently, from (2.8) and the fact that M n has zero radial Weyl curvature, we
where we change some indices for simplicity. Hence, as the Cotton tensor is skewsymmetric in the first two indices, see (3.11), we immediately have
Note that, as W ijkl = 0 when n = 3, the above identity is clearly true for the three-dimensional case. Now, we substitute (3.18) in (3.14) to arrive at (3.19) which combined with (3.17) and our pinching assumption gives
(we observe that the Equation (3.19) must be true for all CPE metric satisfying zero radial Weyl condiction). Therefore, by the first integral in the above expression jointly with proposition 1, we obtain that M n has parallel Ricci curvature. Again the result follows from Remark 2.
Integral Pinching Condition for CPE metric
In this section we will investigate CPE metrics satisfying a L n/2 -pinching condition. In this sense, we will be able to prove Theorem 3 mentioned in Section 1.
To do so, we shall present the following estimate for an arbitrary n-dimensional Riemannian manifold. Such estimate appear, for instance, in [19, Lemma 2.5] and here, we present its prove for convenience of the readers.
Lemma 6. On every n-dimensional Riemannian manifold the following estimate holds
Proof. We follow [11, Proposition 2.1]. Firstly, after some computation, we can deduce
Before proceeding, remember thatRic R ic has the same symmetries of the Riemann tensor, so it can be orthogonally decomposed as
where T is totally trace-free,
and
where (Ric 2 ) ij =R ipRpj . Furthermore, it is not difficult to check the following identities
In the sequel, we deduce
and it follows that
where we used that
Now, since |Ric g| 2 = 4(n − 2)|Ric| 2 , we obtain
Finally, returning to Eq. (4.1) jointly with above inequality to conclude our estimate.
Proceeding, as explained in Section 1, every non-trivial solution to CPE metric has positive scalar curvature, so its Yamabe constant must be positive. To be precise, it is well known that, if M is compact, the Yamabe constant Y(M, for every u ∈ W 1,2 (M ). Now, after this preliminaries remarks, we are in position to prove our L n/2 -pinching result.
Proof of Theorem 3.
Proof. In what follows, we take u = (1 + f )|Ric| in (4.2). Denoting 
Then, using integration by parts together with (3.13) and (3.9) we can rewrite the above expression as
Now, from Kato's inequality and the fact that M has zero radial Weyl curvature, we can use (3.14) to deduce n − 2 4(n − 1)
Thus, from Lemma 6, we have
Next, from Hölder inequality, we obtain n − 2 4(n − 1)
order to deduce that the Cotton tensor vanishes identically. Therefore we may invoke Theorem 1.2 in [16] (see also [17] ) to conclude that (M n , g) is isometric to a standard sphere S n .
